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The pure spinor superstring in a type II curved background is considered. In order to
define reparametrization ghosts, non-minimal pure spinor variables have to be present in
the formalism. The BRST transformations of the non-minimal variables are obtained. It
is found that the BRST transformations of a set of world-sheet variables have the form
of the corresponding transformations in flat spacetime, up to a field-dependent Lorentz
rotation. This simplify the construction of the reparametrization b ghosts.
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1. Introduction
The pure spinor formalism was invented almost twenty years ago to solve the problems
arising in the covariant quantization of the Green-Schwarz superstring [1]. Since then, the
formalism has passed several tests. The formalism has the correct physical spectrum [2],
[3], reproduces scattering amplitudes at tree-level [4] and at higher loops level [5]. It is also
useful to construct massive states in a covariant language [6]. The pure spinor formalism
was used to couple a string to a curved background [7] including background with Ramond-
Ramond background fields like the ones present in the AdS5 × S
5 background geometry
for the type IIB superstring [8].
One of the more mysterious aspects of the pure spinor string is the absence of the
world-sheet reparametrization ghosts as fundamental fields. They come from gauge-fixing
the reparametrization invariance of the traditional string theories. In the conventional
conformal gauge, they are the left-moving (bL, cL) and right-moving (bR, cR) ghosts. It
is not known if the pure spinor string comes from gauge fixing a set of local world-sheet
symmetries that includes the reparametrization symmetry (although this problem was
recently discussed in [9]), then the reparametrization ghosts do not appear in a BRST
quantization scheme in a natural way. However, the b ghost is a necessary ingredient to
construct higher-loops scattering amplitudes [10]. Although there is no c ghosts in the pure
spinor formalism2, the b ghosts are constructed as a composite field and after noticing that
the stress-energy tensor T is BRST closed and trivial in flat spacetime background [14],
in AdS5 × S
5 background [10] and in a generic supergravity background for the heterotic
string [15]. In this way, the b ghost is defined to satisfy Qb = T . A natural generalization
is the case of the type II superstring in a generic curved background. This is the goal of
this work.
To find a conformal weight two an ghost number zero satisfying Qb = T it is necessary
the introduction of new variables. They are the so called non-minimal pure spinor variables
[14]. These new constrained variables do not change the physical content of the pure
spinor string and help to construct the b ghost field. In this way, the b ghost in flat
spacetime background was constructed in [14]. The construction was simplified in [16]. An
obvious generalization is to turn on background supergravity fields. It is known that such
superfields are constrained by the BRST symmetry [7]. For the heterotic string in curved
background, the non-minimal variables have a non trivial coupling to the background
and the BRST transformations depend on background torsion superfields [17]. As in flat
spacetime [16], the construction of the b ghost is simplified because the existence of a
RNS-like vector [15]. The goal of this paper is to first find the coupling of the non-minimal
variables to type II background supergeometry and then construct the b ghosts.
The plan of this paper is as follows. In section 2 we review the non-minimal type
II pure spinor string in flat background. In section 3 we review the minimal pure spinor
formalism for the type II superstring in a curved background. In section 4 we study the
non-minimal pure spinor variables in a curved background. In section 5 we construct the
b ghosts for the type II superstring.
2 See [11], [12], [13] for discussions about this issue.
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2. Non-minimal type II pure spinor superstring in a flat background
The action of the non-minimal type II superstring in a flat background has the form
S =
∫
d2z
1
2
∂Xm∂X
m + pLα∂θ
α
L + pRα∂θ
α
R + ωLα∂λ
α
L + ωRα∂λ
α
R
+ ω̂αL∂λ̂Lα + s
α
L∂rLα + ω̂
α
R∂λ̂Rα + s
α
R∂rRα,
(2.1)
where (Xm, θαL, θ
α
R) are the coordinates of N=2 ten-dimensional superspace (m =
0, . . . , 9;α, α = 1, . . . , 16). The chiralities α and α are the opposite for type IIA superstring
and are the same for type IIB superstring. The momentum conjugate variables of (θαL, θ
α
R)
are (pLα, pRα). The pure spinor variables (λL, λR) are constrained to satisfy the pure spinor
conditions λLγ
mλL = λRγ
mλR = 0 where γ
m are the symmetric 16× 16 gamma matrices
in ten dimensions. The conjugate variables of (λαL, λ
α
R) are (ωLα, ωRα) which are defined
up to the pure spinor gauge invariances δωLα = (λLγ
m)αΛ
1
Lm and δωRα = (λRγ
m)αΛ
1
Rm.
The non-minimal pure spinor variables rL/R, λ̂L/R are constrained as
λ̂Lγ
mλ̂L = λ̂Rγ
mλ̂R = λ̂Lγ
mrL = λ̂Rγ
mrR = 0, (2.2)
and sL/R, ω̂L/R are defined up to
δsαL = (γ
mλ̂L)
αΛ2Lm, δω̂
α
L = (γ
mλ̂L)
αΛ3mL − (γ
mrL)
αΛ2Lm
δsαR = (γ
mλ̂R)
αΛ2Rm, δω̂
α
R = (γ
mλ̂R)
αΛ3mR − (γ
mrR)
αΛ2Rm.
(2.3)
The pure spinor BRST charge of the system is defined by Q = QL +QR, where
QL =
∮
(λαLdLα + ω̂
α
LrLα),
QR =
∮
(λαRdRα + ω̂
α
RrRα),
(2.4)
and
dLα = pLα −
1
2
(γmθL)α(∂Xm +
1
4
(θLγm∂θL)),
dRα = pRα −
1
2
(γmθR)α(∂Xm +
1
4
(θRγm∂θR)).
(2.5)
Note that these variables satisfy the OPE algebra
dLα(y)dRα(z)→ 0,
dLα(y)dLβ(z)→ −
1
(y − z)
γmαβΠm,
dRα(y)dRβ(z)→ −
1
(y − z)
γm
αβ
Πm,
(2.6)
2
where
Πm = ∂Xm +
1
2
(θLγm∂θL), Πm = ∂Xm +
1
2
(θRγm∂θR). (2.7)
Using the free-field OPE algebra of the non-minimal pure spinor variables, the algebra
(2.6) and the pure spinor conditions (2.2) one can show that Q2L = Q
2
R = {QL, QR} = 0.
This imply that Q = QL +QR is nilpotent. Note also that the second integrands in (2.4),
the non-minimal contribution to the BRST charge, have trivial cohomology [14].
Consider the transformations generated by QL. Acting on the minimal variables
(λαL, θ
α
L,Π
m, dLα, ωLα), QL gives
QLλ
α
L = 0, QLθ
α
L = λ
α
L, QLΠ
m = λLγ
m∂θL, QLdLα = −(λLγm)αΠ
m, QωLα = dLα,
(2.8)
and acting on the non-minimal variables (λ̂Lα, ω̂
α
L, rLα, s
α
L), QL gives
QLλ̂Lα = −rLα, QLω̂
α
L = 0, QLrLα = 0, QLs
α
L = ω̂
α
L. (2.9)
Note that QR annihilates both set of variables.
The stress-energy tensor
TL = −
1
2
ΠmΠ
m − dLα∂θ
α
L − ωLα∂λ
α
L − ω̂
α
L∂λ̂Lα − s
α
L∂rLα, (2.10)
is BRST invariant. As in [14], one can ask if there exists a conformal dimension two bL
satisfying
QLbL = TL. (2.11)
The answer is yes. A way to get bL is to first define a RNS-like vector
Γ
m
L =
1
2(λLλ̂L)
(dLγ
mλ̂L)−
1
8(λLλ̂L)2
(rLγ
mnpλ̂L)Nnp, (2.12)
where Nnp =
1
2
(λLγnpωL), that transforms under QL as
QΓ
m
L = −
1
2(λLλ̂L)
Πn(λ̂Lγ
mγnλL) +
1
4(λLλ̂L)2
(λLγ
nprL)(λ̂Lγpγ
mλL)ΓLn, (2.13)
and QRΓ
m
L = 0. A bL satisfying (2.11) is given by
bL = −s
α
L∂λ̂Lα−ωLα∂θ
α
L+ΠmΓ
m
L+
1
4(λLλ̂L)
(λLγmnrL)Γ
m
L Γ
n
L+
1
2(λLλ̂L)
(ωLγ
mλ̂L)(λLγm∂θL),
(2.14)
and it also satisfies QRbL = 0. The proofs of (2.13) and (2.11) are easy to do after noting
that the transformations generated by the type II BRST charge QL have the same form
that the transformations generated by the heterotic BRST charge in [15].
A similar analysis can be done from QR. In this case the relevant world-sheet variables
are the minimal pure spinor variables (λαR, θ
α
R,Π
m
, dRα, ωRα) as well as the non-minimal
pure spinor variables (λ̂Rα, ω̂
α
R, rRα, s
α
R). The BRST transformations are given by QR and
QL annihilates these variables. It turns out that there is a bR field satisfying QRbR = TR
and QLbR = 0 where TR is the right-moving stress-energy tensor.
Our purpose is to generalize the analysis of this section for a type II string in a curved
background.
3
3. The minimal type II pure spinor string in a curved background
The action for the type II superstring in the minimal pure spinor formalism is
S0 =
∫
d2z(
1
2
ΠaΠ
a
+
1
2
ΠAΠ
B
BBA + dLαΠ
α
+ dRαΠ
α + ωLα∇λ
α
L + ωRα∇λ
α
R
+ dLαdRαP
αα + λαLωLβdRαCα
βα + dLαλ
α
RωRβCα
βα + λαLωLβλ
α
RωRβSαα
ββ),
(3.1)
where the curved superspace coordinates ZM = (Xm, θµL, θ
µ
R) are related to the locally
flat superspace coordinates ZA = (xa, θαL, θ
α
R) as Z
A = ZMEM
A(Z), where EM
A is the
vielbein superfield. The Π world-sheet fields in the action are defined as ΠA = ∂ZMEM
A.
The covariant derivatives in the action are given by
∇λαL = ∂λ
α
L + λ
β
L∂Z
MΩMβ
α, ∇λαR = ∂λ
α
R + λ
β
RΩMβ
α, (3.2)
where the Ω superfields are the connections for the background symmetries. They are
defined as
ΩMα
β = δβαΩM +
1
4
(γab)α
βΩMab, ΩMα
β = δβαΩ̂M +
1
4
(γab)α
βΩ̂Mab. (3.3)
Here ΩM and Ω̂M are the connections for the scaling symmetry of the action (3.1), while
ΩMab and Ω̂Mab are connections for the Lorentz rotation symmetry of the action (3.1).
The BRST symmetry for the minimal pure spinor string is generated by
Q0 = Q0L +Q0R =
∮
λαLdLα +
∮
λαRdRα, (3.4)
which is nilpotent and conserved when the background fields satisfy the type II supergravity
equations of motion in ten dimensions. The constraints are expressed in terms of the
torsion, curvature and the 3-form H = dB components as can be seen in [7]. The torsion
and the curvature 2-forms are defined as
TA = ∇EA = dEA + EBΩB
A, RA
B = dΩA
B +ΩA
CΩC
A, (3.5)
and the constraints from BRST invariance are solved by
Tαβa = Hαβa = −(γa)αβ, Tαβa = −Hαβa = −(γa)αβ, Taα
β = Taα
β = 0,
Rαβγ
δ = Rαβγ
δ = HAαβ = Habα = Habα = 0,
(3.6)
and TAB
C = HABC = 0 whenever (A,B,C) ∈ (α, α).
The torsion and curvature 2-forms satisfy the Bianchi identities
∇TA = TBRB
A, ∇RA
B = 0. (3.7)
4
We have to be careful here because, as it was mentioned above, when the index A takes
the value a there are two possible connections to be used, Ωab or Ω̂ab of (3.3). The analysis
of the Bianchi identities taking care of this subtlety can be found in [18] (see also [19]) we
just quote the result
Tαa
b = 2(γa
b)a
βΩβ , Tαa
b = Ωα = Ωa = 0,
T̂αa
b = 2(γa
b)α
βΩ̂β , T̂αa
b = Ω̂α = Ω̂a = 0,
Tabc = −Habc, T̂abc = Habc.
(3.8)
The components of the connection 1-form Ω̂ab are given in terms of the connection 1-form
Ωab and torsion components as
Ω̂c
ab = Ωc
ab − Tc
ab, Ω̂α
ab = Ωα
ab − Tα
ab, Ω̂α
ab = Ωα
ab + T̂α
ab, (3.9)
where the local vector indices are raised or lowered with ηab or ηab respectively.
The other background superfields in the action (3.1) satisfy
Taα
α = (γa)αβP
βα, Raαα
β = −(γa)αβCα
ββ ,
Cα
βα = −∇αP
βα, Sαα
ββ = ∇αCα
ββ +Rαγα
βP βγ ,
Taα
α = −(γa)αβP
αβ , Raαα
β = −(γa)αβCα
ββ,
Cα
βα = ∇αP
αβ , Sαα
ββ = ∇αCα
ββ −Rαγα
βP γβ .
(3.10)
The BRST transformations generated by QL0 was determined in [20]. The variables
(λαL, ωLα, dLα) transform as
QL0λ
α
L = −λ
β
LΣLβ
α, QL0ωLα = dLα + ΣLα
βωLβ,
QL0dLα = −(λLγa)Π
a + λβLRαβγ
δλγLωLδ + ΣLα
βdLβ,
(3.11)
where ΣLα
β = λγLΩγα
β is a field-dependent Lorentz transformation parameter. Note that
from (3.3)
ΣLα
β = δβαΣL +
1
4
(γab)α
βΣLab, (3.12)
where ΣL = λ
γΩγ and ΣLab = λ
γΩγab. The appearance of a Lorentz rotation term in the
BRST transformations is usual in curved backgrounds and it was first noted in [21]. In
fact, for Πa and Πα one obtains from QL0Z
M = λαLEα
M that they transform as
QL0Π
α = ∇λαL +Π
βΣLβ
α, QL0Π
a = λαLΠ
βγaαβ + λ
α
LΠ
bTαb
a − ΠbΣLb
a, (3.13)
where the covariant derivative is defined in (3.2).
As in flat space, the left-moving stress energy tensor
TL = −
1
2
ΠaΠ
a − dLαΠ
α − ωLα∇λ
α
L, (3.14)
5
is annihilated by QL0. The proof of this requires the BRST transformation of Π
AΩAα
β
inside the covariant derivative in (3.14). It turns out that
QL0(Π
AΩAα
β) = −λγΠARAγα
β +∇ΣLα
β . (3.15)
Again, here appears a Lorentz rotation term. Using the above transformations it is direct
to verify that QL0TL vanishes. As in flat spacetime, one defines the ghost bL such that
QL0bL = TL. But, the ghost bL will need the presence of the non-minimal pure spinor
variables that are introduced in the next section.
The transformations of the left-moving minimal pure spinor variables under QR0 are
QR0λ
α
L = −λ
β
LΣRβ
α, QR0ωLα = ΣRα
βωLβ,
QR0dLα = λ
β
RRαβγ
δλγLωLδ + ΣRα
βdLβ ,
(3.16)
where ΣRα
β = λγRΩγα
β is a field-dependent Lorentz rotation parameter which is expressed
like ΣRα
β = 1
4
(γab)α
βΣRab where ΣRab = λ
γ
RΩγab. Note that, unlike (3.12), there is no
term with δβα because Ωγ = 0. Except for the term with curvature, the transformations
(3.16) are Lorentz rotations. Similarly, the transformations of Πα and Πa under QR0 are
determined from QR0Z
M = λαREα
M and are given by
QR0Π
α = Πa(λRγaP )
α −ΠβΣRβ
α, QR0Π
a = λαRΠ
βγa
αβ
− ΠbΣRb
a, (3.17)
where a Lorentz rotation part is manifest.
4. The introduction of the non-minimal pure spinor variables in a curved
background
The non-minimal pure spinor variables are given by the left moving sector (λ̂Lα, ω̂
α
L, rLα, s
α
L)
and the right-moving sector (λ̂Rα, ω̂
α
R, rRα, s
α
R). The BRST charge of the left-moving vari-
ables is
QL1 =
∮
ω̂αLrLα, (4.1)
just like flat space-time (2.4). Similarly, for the right moving sector
QR1 =
∮
ω̂αRrRα. (4.2)
As in [17], we asume that both QL1 and QR1 act on the non-minimal pure spinor variables
just like in flat spacetime. The question what is Q0 on these variables. Since the non-
minimal variables transform under Lorentz transformations, they are expected to transform
under BRST because it always generates Lorentz rotations. Consider QL = QL0 + QL1.
We propose that the left-moving non-minimal transformations are
QLλ̂Lα = −rLα + Σ˜Lα
β λ̂Lβ, QLω̂
α
L = −ω̂
β
LΣ˜Lβ
α,
QLs
α
L = ω̂
α
L + s
β
LΣ˜Lβ
α, QLrLα = Σ˜Lα
βrLβ,
(4.3)
6
where Σ˜Lα
β = ΣLα
β + XLα
β with XLα
β = λγLXLγα
β not known yet. Because QL is
nilpotent Σ˜L must obey certain equation which is obtained after acting with QL in the
transformations (4.3). The equation for Σ˜L turns out to be
λγLλ
δ
L
(
Rγδα
β +∇(γXLδ)α
β −XL(γα
ρXLδ)ρ
β
)
= 0, (4.4)
which has solution
XLγα
β = xLδ
β
αΩγ −
1
4
(γab)α
βTγab, (4.5)
where xL is a number not fixed yet. To proof this one expand the lhs of (4.4) in α
β using
the gamma matrices in ten dimensions. The term with (γabcd)α
β is absent. The term with
δβα is proportional to
λγLλ
δ
L ∇(γΩδ) =
1
4
λγLλ
δ
L{∇γ ,∇δ}Φ =
1
4
(λLγ
aλL)∇aΦ, (4.6)
which vanishes because of the pure spinor condition. Here Φ is the dilaton superfield [7].
The term with (γab)α
β is proportional to
λγLλ
δ
L
(
Rγδab −∇(γTδ)ab − T(γa
cTδ)cb
)
, (4.7)
using the Bianchi identity involving Rγδab one obtains that (4.7) is proportional to
(λLγ
cλL)Tcab, (4.8)
which vanishes because of the pure spinor condition. Therefore, (4.5) is solution of (4.4).
Similarly, for the right-moving non-minimal variables transform under QR = QR0 +
QR1 as
QRλ̂Rα = −rRα + Σ˜Rα
βλ̂Rβ , QRω̂
α
R = −ω̂
β
RΣ˜Rβ
α,
QRs
α
R = ω̂
α
R + s
β
RΣ˜Rβ
α, QRrRα = Σ˜Rα
βrRβ ,
(4.9)
where Σ˜Rα
β = ΣRα
β + XRα
β with XRα
β = λγRXRγα
β not known yet. Because QR is
nilpotent Σ˜R must obey certain equation which is obtained after acting with QR in the
transformations (4.9). The equation for Σ˜R turns out to be
λγRλ
δ
R
(
Rγδα
β +∇(γXRδ)α
β −XR(γα
ρXRδ)ρ
β
)
= 0, (4.10)
which has solution
XRγα
β = xRδ
β
αΩ̂γ −
1
4
(γab)α
β T̂γab, (4.11)
where xR is a number not fixed yet.
7
5. The RNS-like vector and the b ghost
We now mix minimal and non-minimal pure spinor variables to construct the b ghost
fields for type II backgrounds. As in [15] for the heterotic case, we first define variables
with BRST transformations similar to those of flat space-time. Consider the left-moving
variables. The right-moving sector will have a similar behavior. The non-minimal ghosts
transform under QL with expressions that are the addition of the corresponding transfor-
mation in flat space-time and a Lorentz rotation parametrized by Σ˜L (4.3). We now define
a variable in the minimal sector that has the same property. The new variable involving
dL is
DLα = dLα −XLα
βωLβ, (5.1)
where XL is used in (4.3) to define the left-moving BRST transformations of the non-
minimal pure spinor ghosts. Using the above results, DL transforms as
QLDLα = −(λLγa)αΠ
a + Σ˜Lα
βDLβ , (5.2)
which has the desired property, a rotation and a flat-like part.
Since DL involves the pure spinor ωL variable, the rhs of (5.1) has to be invariant under
δωLα = (λLγ
a)αΛa. Using the solution of XL given in (4.5), this is true provided xL = 3.
Following [15], the RNS-like vector ΓLa is the the flat expression (2.12) by replacing dL by
DL. Then,
ΓLa =
1
2(λLλ̂L)
(DLγaλ̂L)−
1
8(λLλ̂L)2
(rLγabcλ̂L)N
bc, (5.3)
and it transforms like
QLΓLa = −
1
2(λLλ̂L)
Πb(λ̂Lγaγ
bλL) +
1
4(λLλ̂L)2
(λLγ
bcrL)(λ̂LγcγaλL)ΓLb + Σ˜La
bΓLb.
(5.4)
This is equivalent to the corresponding BRST transformation in flat space-time (2.13)
expect for the Lorentz rotation in the last term. To prove (5.4), we need to express
the BRST transformations of the fields in (5.3) as a rotation parametrized by Σ˜ plus
a term that has the form of the corresponding BRST transformation in flat space-time.
The fields (DL, λ̂L, rL) already transform in this way. It remains to express the BRST
transformations of (λL, ωL) in this way. Consider λL,
QLλ
α
L = −λ
β
LΣLβ
α = −λβ(Σ˜Lβ
α −XLβ
α),
and using (4.5) with xL = 3 we obtain
QLλ
α
L = 8(λLΩ)λ
α
L − λ
β
LΣ˜Lβ
α, (5.5)
which has the form of the flat space-time form, zero, plus a rotation parametrized by Σ˜
and an extra term with the factor (λLΩ). Consider now ωL,
QLωLα = dLα + ΣLα
βωLβ = DLα + (ΣLα
β +XLα
β)ωLβ,
8
that is,
QLωLα = DLα + Σ˜Lα
βωβ , (5.6)
which has the expected form.
Note that the world-sheet fields DL,ΓL and ωL transforms under QL as the corre-
sponding transformation in flat space-time plus a Lorentz rotation parametrized by Σ˜L.
This i simpler than the result of [15] for the heterotic string. I believe the result of this
paper is a small improvement of the result of [15] such that computations that involve
BRST transformations of Lorentz invariant quantities, like construction of the bL ghost,
are easier to perform.
In order to prove (5.4) we need to verify that all the factors of (λLΩ) cancel out.
These factors came from the BRST transformation of λL and the part of Lorentz rotation
Σ˜L with the factor of δ
β
α. That is, combining (3.12) and (4.5) we obtain
Σ˜Lα
β = δβαΣ˜L +
1
4
(γab)α
βΣ˜Lab = 4δ
β
α(λLΩ) +
1
4
(γab)α
βλγL(Ωγab − Tγab). (5.7)
It turns out that both terms in (5.3) do not give term with (λLΩ) factors. Consider the
first term in (5.3) and focus on (λLΩ) factors,
QL
(
1
2(λLλ̂L)
(DLγaλ̂L)
)
=
1
(λLλ̂L)
(−4(λLΩ) + Σ˜L)(DLγaλ̂L) + · · · = 0 + · · · , (5.8)
where we used Σ˜L = 4(λLΩ) (5.7). The first term here comes from transforming (λLλ̂L)
−1
and the second term comes from the part with Σ˜L in the transformations of DLα and λ̂Lα
in the numerator of the first term in (5.3). The factor of λ̂ in the denominator do not
give factors of Σ˜L because it appears in a Lorentz invariant combination. Similarly, the
for second term in (5.3) we obtain
QL
(
1
8(λLλ̂L)2
(rLγabcλ̂L)N
bc
)
=
1
(λLλ̂L)2
(
−2(λLΩ) +
1
4
Σ˜L + (λLΩ)
)
(rLγabcλ̂L)N
bc + · · ·
= 0 + · · · ,
(5.9)
where the first term comes from the transformation of (λLλ̂L)
−2, the second term comes
from the transformations of rL and λ̂L, and the last term comes from λL in N
bc. Therefore,
we have proved (5.4). The construction of bL ghost will be simpler than the corresponding
construction in [15] because this ghost is a Lorentz invariant quantity.
The bL ghost satisfies QLbL = TL, then we need to know the stress-energy tensor of
the theory. As in [17], the action is
S = S0 +QL
(∫
d2z sαL∇λ̂Lα
)
+ · · · , (5.10)
where S0 is given in (3.1) and · · · is the contribution from the right-moving non-minimal
pure spinor variables. The left-moving stress-energy tensor becomes
TL = −
1
2
ΠaΠ
a − dLαΠ
α − ωLα∇λ
α
L −QL
(
sαL∇λ̂Lα
)
. (5.11)
9
The bL ghost is the covariantization of (2.14), that is
bL = −s
α
L∇λ̂Lα−ωLαΠ
α+ΠaΓLa+
1
4(λLλ̂L)
(λLγ
abrL)ΓLaΓLb+
1
2(λLλ̂L)
(ωLγ
aλ̂L)(λLγaΠ).
(5.12)
To prove QLbL = TL we need to re-express the QL BRST transformations of (Π
a,Πα)
(3.13) such that they contain a Lorentz rotation with parameter Σ˜L. Using (3.13) we
obtain
QLΠ
a = (λLγ
aΠ)−ΠbΣ˜Lb
a, QLΠ
α = ∇λαL+Π
βΣ˜Lβ
α+3(λLΩ)Π
α−
1
2
(λLγabΩ)(Πγ
ab)α,
(5.13)
where we note, up to terms with Ωα, the structure of a flat-like part plus a rotation of
the BRST transformations. In the computation of QLbL we note that the first term gives
the last term in (5.11). The remaining terms in bL should give the remaining terms of
(5.11). Because of the form of the BRST transformations, this is achieved except for terms
with factors (λLΩ). These comes from (λLλ̂L)
−1 and the scalar part in the QL BRST
transformations of ωLα together with the QL BRST transformations of Π
α. The terms
with factor of (λLλ̂L)
−1 are with a factor of λαL, this combination does not contain (λLΩ).
In fact, λαL/(λLλ̂L) produces
−
1
(λLλ̂L)2
8(λLΩ)(λ
β
Lλ̂Lβ)λ
α
L +
1
(λLλ̂L)
8(λLΩ)λ
α
L = 0.
When transforming the second term of the bL ghost one produces −dLαΠ
α, which is part
of the stress-energy tensor TL, but one also obtains terms involving the XL of Σ˜L. In fact
we get the combination
(XLα
βωLβ)Π
β + ωLα(Π
βXLβ
α),
which vanishes. The first term comes from the term with XL in (5.1) and the second term
is made from the last two terms in QΠα of (5.13). It remains to check that the terms with
Ωα go away when the QL BRST charge acts on the last term of the bL ghost (5.12). The
term with DL in QLωL here will help to prove the equation QLbL = TL, just like in flat
space-time (see the appendix of [15]). The only non-trivial contribution, and that has to
vanish, comes from the terms with Ωα in QLΠ
α. They give a term involving the factor
(λLγa)αΠ
β
(
3δαβ (λLΩ)−
1
2
(λLγbcΩ)(γ
bc)β
α
)
= 3(λLγaΠ)(λLΩ)+
1
2
(λLγaγbcΠ)(λLγ
bcΩ).
(5.14)
After commuting the γ matrices in the last term, using the identity (λγb)α(λγ
b)β = 0 and
γbγaγ
b = −8γa, we find that (5.14) vanishes. This completes the proof of QLbL = TL.
Consider the right-moving part. It is possible to define a combination of minimal
variables in the right-moving sector analogous to (5.1) as
DRα = dRα −XRα
βωRβ , (5.15)
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where XR is given in the QR transformation of the right-moving non-minimal pure spinor
variables (4.9). Acting with QR on DR one obtains
QRDRα = −(λRγa)αΠ
a
+ Σ˜Rα
βDRβ , (5.16)
which is analogous to (5.2). The world-sheet field DR is invariant under the pure spinor
gauge symmetry δωRα = (λRγa)αΛ
a
as long as the xR of (4.11) is equal to 3. The RNS-like
vector becomes
ΓRa =
1
2(λRλ̂R)
(DRγaλ̂R)−
1
8(λRλ̂R)2
(rRγabcλ̂R)N
bc
, (5.17)
which transforms as
QRΓRa = −
1
2(λRλ̂R)
Πb(λ̂Rγaγ
bλR) +
1
4(λRλ̂R)2
(λRγ
bcrR)(λ̂RγcγaλR)ΓRb + Σ˜Ra
βΓRb,
(5.18)
which is the analogous of (5.4) for the left-moving sector. The bR ghost satisfying QRbR =
TR where
TR = −
1
2
ΠaΠ
a
− dRαΠ
α
− ωRα∇λ
α
R −QR
(
sαR∇λ̂Rα
)
is given by
bR = −s
α
R∇λ̂Rα−ωRαΠ
α
+Π
a
ΓRa+
1
4(λRλ̂R)
(λRγ
abrR)ΓRaΓRb+
1
2(λRλ̂R)
(ωRγ
aλ̂R)(λRγaΠ).
(5.19)
It remains to show that the b ghosts satisfy
QLbR = 0, QRbL = 0, (5.20)
in order to have Qb = T , where b = bL + bR and T = TL + TR. This is obtained after
knowing that non-minimal fields λ̂L and rL transform under the action of QR as a purely
rotational part, that is
QRλ̂Lα = ΣRα
β λ̂Lβ, QRrLα = ΣRα
βrLβ , (5.21)
and that the non-minimal fields λ̂R and rR transform under the action of QL as a purely
rotational part, that is
QLλ̂Rα = ΣLα
β λ̂Rβ , QLrRα = ΣLα
βrRβ . (5.22)
Also the transformations QRDL and QLDR are needed. They are
QRDLα = (λLγ
a)α(ωLPγaλR)−
1
2
(λLγaPγbλR)(γ
bγaωL)α +ΣRα
βDLβ ,
QLDRα = −(λRγ
a)α(λLγaPωR) +
1
2
(λLγaPγbλR)(γ
aγbωR)α +ΣLα
βDRβ ,
(5.23)
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where P is the background RR field-strength. Note that these expressions are invariant
under the pure spinor gauge symmetries δωLα = (λLγ
a)αΛa and δωRα = (λRγ
a)αΛa .
To proof this one has to use the identities (λLγ
a)α(λLγa)β = (λRγ
a)α(λRγa)β = 0. To
get (5.23) the identity(γaPγa)αβ = 8∇βΩα has been used. It is derived from the Bianchi
identity involving R(βαγ)
γ and the torsion components in (3.6) and (3.10).
Instead of verify directly the equation (5.20), an argument is now given respect to
its plausibility. Above It was shown that QLbL = TL. Applying QR and using that it
anti-commutes with QL,
QLQRbL = −QRTL = QLTR, (5.24)
where the last equality is derived from QT = 0 and the fact that QLTL = QRTR = 0.
Therefore, we have QL(QRbL − TR) = 0 and there should exist a conformal weight two
operator Ψ such that
QRbL − TR = QLΨ. (5.25)
Similarly, starting from QRbR = TR one obtains
QLbR − TL = QRΨ˜. (5.26)
Adding (5.25) and (5.26) one obtains
QRbL +QLbR = T +QLΨ+QRΨ˜, (5.27)
and choosing Ψ = −bL and Ψ˜ = −bR one gets the equation
QRbL +QLbR = 0. (5.28)
Because QL is linear in λL and QR is linear in λR, each term in (5.28) has to vanish
obtaining (5.20). What remains to prove is the consistency between ∂bL and the BRST
transformations. On general grounds it is expected that ∂bL is QRO for some O operator.
As it was discussed in [10],
∂bL =
∮
Γ
TR(bL) = QR
(∮
Γ
bR(bL)
)
where Γ is contour in the z¯ plane and A(B) is the OPE of A with B. This was proved for
the heterotic string case in [22] and it is expected to be true in the type II case.
Acknowledgements: I would like to thank Nathan Berkovits and Brenno Vallilo for
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